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Summary Experiments

Building self-attention in Transformers with : Pair of Adjoint Eigenfunctions for Self-Attention: the self-attention *  Good, robust and efficient performances on in-distribution, distribution-
. - corresponds to a shifted eigenvalue problem!"2 w.r.t. attention matrix shift and out-of-distribution benchmarks.

« Large capacities of Transformers can lead to predictions, | |
risking of safety-critical issues; K. H. = H.A (KaTtt KI)H, = H, Ai  Methods in comparison:
. a good uncertainty quantiﬁcatiOn t00|, alleviates KE;I;:tHe — HTA i (KattKatt)Hr — HTA l) Uncertainty estimation baselines implemented Into tranSfOrmerS;

overconfidence by providing predictions with ; Eigendecompositions

w.r.t. symmetric kernels

ii) deep kernel learning implemented into transformers;

Shifted eigenvalue problem

. ' : ' w.r.t asymmetric kernel K ;. _

We propose a new szg/séag)?e'f attention based on att KateKate: KageKat. iii) Bayesian transformers.

. . . . @ @ » Rationales behind KEP-SVGP'’s good performance in

 The time-complexity of our Bayesian self-attention is further reduced to J P

0(s),s < N with (KSVD). Two SVGPs with adjoint kernel-eigen features: i) Distribution-shift robustness: KSVD filters out noisy patterns:

e [ T 2' - - " ) . . . .
Background I: SVGP S (f ) Y ( 0 Ka;tlf(att Heé\ ) ii) OOD detection: KSVD differentiates different eigen spaces.
ue | A°H] A
Gaussian Process (GP) represents real-valued function f(:): X — R with ' ' PR
. e . . . - ~ —1 —2 T In-distribution data:

Gaussian distributions based on k(-,): XXX — R, positive-definite kernel: Posterior: q(f) = NV (e(X)A™ my, e(X)A™"Syye(X) )

- e N _ Dataset | Method | ACC(D) _ AURC()  AUROC ()  FPR95() _
Prior: f() ~ gj)(o’ K("O)) = f ~ N(O’ KXX)’ KXX = [K(xi’xj)] € ]RNXN ”e 2t =1 (Le)T poteset MSP [Hendrycks & Gimpel, 2017] 83 4 1. 62
Posteror: f7IX°, X,y ~ N (Kyx s + 9%1) . P\ (o [ Hol? Rl e, R ke e susie

2 -1 . _ _ attiratt T . - ropout [Gal&Ghahramani, 2016] .69 1+ 0. .36 + 1. 18 + 0. 49 + 1.
Kyx« — Kxx(Kxx + 0°Iy)" "Kxx+) Prior: (u’”) N (O' A2HT A2 ) [K”Zh%%';y]eta"’ KFLLLA [Kristiadi et al., 2020] 83.54+ 045  40.12+1.65 8670+ 050  63.13 +1.75
r
o Time complexitv of combputin osterior is (9 N3 _ ) ] SV-DKL [Wilson et al., 2016] 83.82 + 0.58 39.78 £ 1.91 86.57 + 0.38 65.02 + 1.33
P Y P JP (V") Posterijor: q(fr) ~ N(T(X)A_lmu,T(X)A_ZSuuT(X)T) KEP-SVGP (ours) 84.70 £ 0.61  35.15+2.65 87.20+0.65 6493+ 1.41
Sparse Variational Gaussian Process (SVGP) variationally approximates " - YLr(Lr)T / MSP [Hendrycks & Gimpel, 2017] 32?3?5 iiiii 28: 322?82? ;13; + 13;
: : : : : 1 — Y u = Temp. Scaling [Guo et al., 2017] 17 £ 0. 27 £ 3. 29 £ 0. .08 *+ 1.
GP posterior with s inducing variables {Zy, ..., Zs} € X, uli] J(Z1): IMDB MC Dropout [Gal&Ghahramani, 2016]  88.34 + 0.65 34.62+3.17 82244083 7165+ 203
f K K [Maas et al KFLLLA [Kristiadi et al., 2020] 88.17 + 0.52 35.20 + 3.01 82.31 + 0.86 71.07 + 1.51
PI‘IOI‘ ( ) ~ N (O, KXX KXZ]) OUtpUtS Of the tWO SVGPS are Obtalned by the MOnte-CarlO Sampllng 2011] : SV-DKL [Wilson et al., 2016] 88.86 + 1.04 59.84 + 18.90 73.20 + 5.56 69.91 + 3.68
u “x 4z F€ =u®+ L%, €~ N (0, [N); Fr=u"+L"¢ €~ N(O, ]N). SGPA [Chen&Li, 2023] 88.36 + 0.75 33.14 + 3.46 82.78 + 0.44  70.85+2.46
Posterior: q(f) =N (Ky,K,;7my, Kyy — Kx7K;7 (K77 — Sy ) K77 K7 x0) | B | KEP-SVGP (ours) 89.01+0.14 30.69+069 83.22+031 68.15 + 0.95
Merge two SVGP outputs either by addition or concatenation schemes:
»  Posterior is based on q(f) = [ p(f|lu)q(uw)du with variational distribution Addition: F2dd := Fe + F" ¢ RY: Concatenation: F!:= [F¢;F"] € R?V, Distribution-shift data:
80
q(u) — N(mw Suu)s m, € R, Suu € RS, — MSP
| 0 = Faddyyadd o g = yycatpeatyycat 3 o0’ KEP-SVGP
» Evidence lower-bound: Lg; 5o = Eqcpllog p(¥If)] — KL(q(w) || p(u)) A — 40/
_ . _ o Fadd .— pe 4 fr Feat .— [Fe. FT 20
»  Time complexity of computing posterior is 0(s3), s < N. 0 o F75 F C
. . . . . T TE~N(O'IN) — 100
SVGP with Kernel-Eigen Features reduces time complexity by choosing ~ MSP
inducing variables as the eigenvectors of Ky, i.e., uf[i] := v;: —> Kanv(X) [€— GP (pe,%¢) GP",Z") s KEP-SVGP
Prior: (f) ~ N(O Kxx HAD f f 4
u , AHT A Ko = ¢y (X)b (X)T Mean: Covariance: Mean: Covariance: = 0 ] ] ] )
_ _ - _ att *— %¥q k -1 -2 T -1 -2 T X X S X S 2 X
Posterior: Q(f) — N((HA)A 1mu’ Kyy — (HA)A 1(A _ Suu)A 1(AHT)) EXfK\ m, EX/)\« Suufx RXI)\« m, Rxﬁ SuuRx Q{\@Q 6&{06) &O(Jo \@so ;@0) & q{o\} & QQ\QQ\QQQ (0500(\ .\g}é@(oo (,)(\O$ /\/006\
/) ) o ¥ @ & )
. . A= C A R
 H:=[vq..,vs] € RN*S contains the eigenvectors to the top-s nonzero s
eigenvalues of Kyy, i.e., A = diag{},, ..., A }. da (X) b (X) »(X) Ex = W, b (X) Ry = WT b (X) Out-of-distribution detection with AUROC (7):
»  Time complexity of computing posterior is O(s), s < N. b CIFAR10 | CIFAR100
P PRI P ) T x T x 00D | SVHN | CIFAR-100|_LSUN __SVAN | CIFAR10 | LSUN _
i output from previous layer output from previous layer MSP 86.56 81.50 87.48 75.83 67.14 74.97
BaCkground II: KSVD MC Dropout 86.56 81.67 88.19 76.62 67.54 74.94
_ _ 1) Canonical Transformer b) KEP-SVGP KFLLLA 75.95 75.67 80.00 72.81 65.37 71.25
Self-Attention corresponds to Asymmetric Kernel: let {x; € R%}_, be the (2) (5) SV-DKL 75 48 76.81 82 02 74,35 65,72 72 03
inputs, then the queries, keys and values are KEP-SVGP (ours)  84.75 82.32 91.50 79.98 67.51 78.22
q(xi) — qui’ k(xi) = W, x;, v(xi) = W, x;. Self-Attention with KSVD: let Katt(xi,xj) = <¢q (xl-), gbk(xj ), then the
. L, . . imal- i - i i ivesl'] Paper: Code: References:
The canonical self-attention is with attention weights: primal-dual representations of self-attention with KSVD gives DP D 1 Chon oot brimal Attenton: sefattention troudh
. Equiv. under B i - S S .
Kare (X, X;) = SOftmaX((Vqui, kaj>/1/dk ), ,j=1,...,N, rqeg Lsvn brimal e(x) = W'eTgl)q (x) bual e(x) = Z?’:l hijatt(X, xj) asymmgtrlc kernel SVD in primal representation.”
: P : , Dual: | NeurlPS, 2023.
where i, (-,): R*XR? - R serves as kernel function. Notice that in general, r(x) = W' ¢y (x) r(x) = Xilg he K (X, X) X [2] Suykens. “SVD revisited: A new variational principle,
_ _ _ _ A A T T : compatible feature maps and nonlinear extensions.”
(qul’ ka]) i (%x]' kal> = Katt(xl'x]) i Katt(x]’xl)’ where He = [hel’ e heN] : HT = [hrl’ e ) hTN] e RN*s dre C()Iumn'W|Se|y D = Applied and Computational Harmonic Analysis, 2016.
Kare IS @asymmetric kernel functionl’l. Output is o(x) = Y1, V(%) Kt (%, X;): the left and right singular vectors of the attention matrix K.
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